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CHARACTERIZATIONS OF BERGMAN SPACES
AND BLOCH SPACE IN THE UNIT BALL OF C"

CAIHENG OUYANG, WEISHENG YANG, AND RUHAN ZHAO

Abstract. In this paper we prove that, in the unit ball B of C , a holomor-

phic function / is in the Bergman space L_(B), 0 < p < oo, if and only

if

f \Vf(z)\2\f(z)r2(l - |z|2)"+1 dX(z) < oo,
Jb

where V and X denote the invariant gradient and invariant measure on B ,

respectively. Further, we give some characterizations of Bloch functions in the

unit ball B , including an exponential decay characterization of Bloch functions.

We also give the analogous results for BMOA(dfi) functions in the unit ball.

1. Introduction

Let A(B) denote the class of holomorphic functions in the unit ball of C" .

For 0 < p < oo, the Bergman spaces L_(B), the Hardy spaces HP(B) and the

Bloch space 38(B) on the unit ball B are defined respectively as

I_(B) = {/:/€ A(B), \\f\\pL, = J \f(z)\p dm(z) < oc} ,

H»(B) = \f:f£A(B),\\f\\»HP= sup  /   \f (r_)[° da(_) < oo}
I o<r<i Job J

and

3S(B) = \f:f£ A(B), \f\\a = sup Qf(z) < oc} ,

where Qf was defined by R. Timoney in [9], dm is the normalized Lebesgue

measure on B, and do is the normalized Lebesgue measure on the boundary

dB of B.
In [8], M. Stoll proved that a holomorphic function / on B is in Hp(B),

0 < p < oo , if and only if

/ \Vf(z)\2\f(z)\p~2(l - \z\2)" dX(z) < oc,
Jb

where V denotes the invariant gradient and X the invariant measure on B.
Furthermore, if / 6 HP(B), then
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lim(l-r2)" [ \Vf(z)\2\f(z)\p~2dX(z) = 0,
r^1 J Br

where Br = {z e B : \z\ < r).

These results were first given by S. Yamashita in [ 11 ] and [ 12] in the unit disk

of C. In [13], the results for Bergman spaces similar to that of Yamashita's

were given on the unit disk D .

The main purpose of this paper is to obtain the analogous result for functions

in the Bergman spaces Lpa on the unit ball B of C" . Furthermore, some new

characterizations of Bloch space 33(B), including an exponential decay type

characterization, are given too. The main results of this paper, which are also

similar to that of [13] in case n = 1, are as follows:

Theorem 1. A holomorphic function f is in Lpa(B), 0 < p < oo, if and only if

j \Vf(z)\2\f(z)\p~2(l - \z\2)"+x dX(z) < oo.
JB

Furthermore, if f £ L_(B), then

lim(l-r2)"+1 / \Vf(z)\2\f(z)\p~2dX(z) = 0.
'-*1 J Br

Theorem 2. Let n > 1, p > 2; then the following quantities are equivalent:

(i)      \\f\\%,
(ii)     J2 = supfl6B fB \Vf(z)\2\f(z) - f(a)\p~2

:(l-\cpa(z)\2)"+x\cpa(z)\-2"+2dX(z),

(iii)    73 = supflGfl JB \Vf(z)\2\f(z) - f(a)\"-2[G(z, a)]l+i* dX(z),

where ipa  denotes the involutive automorphism of B  satisfying cpa(0) = a,

cpa(a) = 0, cpa(cpa(z)) = z, and G(z, a) denotes the Green's function of B.

Theorem 3. Let n > 1; then a holomorphic function f £ 33(B) if and only if

for every a £ B and every t > 0 there are positive constants K and fi, such

that

I    \Vf(z)\2[G(z, a)]x+1» dX(z) < Ke-I» ,
JEa,,

where EaJ = {z £ B : \f(z) - f(a)\ > t}.   When f e 33,  K = K_\\f\\2<g,
P _ C/WfW.® , where K0 and C are constants depending only on n .

In Section 2, we first give some notations. Theorem 1 is proved in Section 3.

Theorems 2 and 3 are proved in Section 4. In Section 5, we give some charac-

terizations of BMOA(<9#) which are similar to Theorems 2 and 3.

2. Notations

For each a £ B, let cpa(z) denote the involutive automorphism of B as

given in [6] by W. Rudin. Let V/(z) = (df/dzx, ... , df/dz„) denote the
complex gradient of / and Rf = _2"_x Zj(df/dzj) the radial derivative of /.

Let

dl{z)= (l-\z~\2)»^dm{z)''
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then dX is the invariant volume measure corresponding to the Bergmen metric

on B ; that is,

f f(z)dX(z)= f foW(z)dX(z)
Jb Jb

for each / 6 Lx(dX) and all y/ £ J£, the group of Mobius transformations of

B.
For / 6 C2(Cl), Cl an open subset of B, define

*f(z) = -^-rA(fo<Pz)(0),
n + 1

as in [1],

A/<z> = ̂ (lHzP)£fe-^4^.
i,j=\

The operator A is invariant under J£; that is, A(f o ip) = (Af) o y/ for all

y/ £ ^#. See [6, Section 4.1] for details. Let V denote the invariant gradient

on B. Then

(Vj(z),Vg(z)) = 1±-l(l-\z\2)3?    ±(Sij-2iZj)§Lj£   .
1,7 = 1 J _

If / is holomorphic on B , it is given in [8] that

A|/|2 = |V/|2 = ^-(1 - |z|2)(|V/|2 - \Rj\2).

Throughout this paper, C and Cj are constants depending only on the di-

mension n . Af is a finite number, and M(r) is a finite number for a fixed

r £ (0, 1]. C is not necessarily the same in each appearance, nor are Cj, M,
M(r).

For convenience, A(j,r)~B(j,r) means that there exist constants Nx,

N2, Cx and C2 , so that

Nx + CxA(j, r) < B(j, r)<N_ + C2A(j, r),

where Nx , N2 may depend on /, but they are finite quantities for a fixed

function /.

By [10], the invariant Green's function on B is given by G(z, a) = g(cpa(z)),

where

g(z) = ^p- f(i-t2)"-xr2»+xdt.

Here we state the Green's formula for an invariant Laplacian (see [7, (92.5)]).

If Cl is an open subset of B, Cl _ B, whose boundary is good enough (in our

application, Cl will be an annulus) and if u, v are real-valued functions such

that u,v £ C2(Cl) n C(Q), then

/ (uAv - vAu)dx = I    [ u—_ - v-— | do,
Jn Jan \ dn       dnj

where f and 5 are the volume element on B and surface area element on

dCl determined by the Bergman metric, and £= denotes the outward normal
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differentiation along dCl with respect to the Bergman metric. It is known (cf.

[1]) that the volume element f is given by

con(n + I)"
dtiz) = 2n(l-\z\2)^dmiz)>

where con denotes the Euclidean surface area of dB and the surface area ele-

ment or on dBr is given by

,   ,          con(n+ l)"-ir2"-'
^(^) (1_,2)n-<M£)-

3. Proof of theorem 1

To prove Theorem 1, for e > 0, let

ve(z) = (\f(z)\2 + e)p'2 ,        0<p<oo;

then v£ £ C°°. Since Ag = 0 on B\{0} and g = g(r) on Sfir = {z e B :
|z| = r} , using Green's formula with u = g - g(r), v = ve and Cl = {z £ B :

8 < \z\ < r} , we can conclude

/ (g-g(r))_vtdl
Jd<\z\<r

= -/    vMd<Jr-\(g(5)-g(r))[    ^do-f    vMdas  .
JdBr    dn I JdBs dn JdBd    dn

Because ^ is bounded on dB$ , g(8)82n~x -»0 (8 —> 0) and g is integrable

near 0  (<5 ̂ 0), taking the limit 8 —> 0, we get

(1) [ (g-g(r))AvedX= [   ve(rZ)dff(Z)-ve(0).
Jb, Job

Let

7j(z) = ^i/(z)r2|v/(z)i2,

by [8], for 0 < p < oo ; when e —> 0,

Ave(z) -» /^(z)   a.e. on 5.

For a fixed r, from (1) and by the monotone convergence theorem, we have

lim j (g- g(r))_vt dX = lim ( f   ve(r.) da(.) - vs(0))

=  f   \j(rQ\pdo(^)-\j(0)\p.
JdB

By (2) and the Fatou Lemma

/ (g-g(r))fldX=  f lim(g-g(r))AvedX
J Br J Br E — 0

< lim / (g - g(r))AvEdX
e^OJBr

= f   \j(rtl)\p da(£) - |/(0)|' = M(r) < oo;
JdB
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thus, (g - g(r))jf is integrable on Br with respect to dX.

As 0 < p < 2 , for a fixed r, by [8], Ave(z) < jj^(z), a.e. on B , and thus

~ 2
(g - g(r))AvE <(g- g(r))--j$,    a.e. on Ti.

As p>2,for S£ (0, 1]

Ave < M(r) < oo,     onBr,

and thus

(g - g(r))AvE < M(r)(g - g(r))

(here g - g(r) is obviously integrable on Br).

Using the dominated convergence theorem with both 0 < p < 2 and p > 2

and from (2), we get

f (g- g(r))f* dX = lim f (g- g(r))Av£ dX
(3) B' B^°JBr

= I   \j(rH)\»do(ci)-\j(0)\p.
JdB

Let

ri,     t>\z\,

\ 0,       otherwise;

then the left side of (3) is

jB(g(z)-g(r))$(z)dk(z)

n+l   fr (l-t2)n~x   .   f  f#l .... .
= ̂ rJo'-^r-dtJj(z)dX(z).

Obviously, the end of (4)

n + l   fr (l-t2)"~x   .   f  #. .... .(5)      ^L-^dtJJ{z)dX{z)

- ^ir_2n+11{1 - '2)n_1 dtl j?^d^-

On the other hand, for 0 < r < 1, there exists a positive integer k, so that

1/2* <r< 1/2*"1; then
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(6) +^_Li2^-1) (^^)2"  ' j\l-t2)n-x (Jb f*iz)dXiz)"j dt

+ ^ti22"-1r-2»+1 jf (1 - Z2)"-' (jf £(z)rfA(z)) (f/

= 7! + 72.

By (4) and (3),

7i= /  U(z)-g(I))/7(z)(/A(z)

= /   |/(^)IP ^(0- 1/(0)1" <oo.
JdB

Thus, it follows from (4), (5) and (6) that

/ igiz) - g(r))$(z)dX(z) ~ r"2"+1 |'(1 - t2)"~x (J ^(z)rfA(z)) dt.

Moreover, by (3), we have

(7) J   \f(r.)\"dai.) ~ r~2"+x jf (1 - t2)"~x (jf tf(z)dX(z)} dt.

Hence

\\j\\pLP = 2n f r2"-xdr f   \f(r.)\"dai.)
JO JdB

~ f dr( f (I - t2)"~x dt ( J?(z)dX(z))
Jo        \Jo Jb, /

= / (l-t2)"~xdt f jJ(z)dX(z) j   dr
Jo Jb, Jt

~ f(l-t2)"dt j j£(z)dX(z)
Jq Jb,

= f Jl(z)dX(z) f (l-t2)"dt
Jb J\z\

~ /"(l-|z|2r+1y7(z)(/A(z)
Jb

~ /iv/(z)i2i/(z)r2(i-|z|2r+i(/A(z),
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and thus

/ £ Ua(B) & f |V/(z)|2|/(z)r2(l - |z|2)"+1 dX(z) < oo.
Jb

That is the main part of Theorem 1.

When / £ L_(B), by the above result,

f I \Vj(z)\2\j(z)r2(l-\z\2)"dX(z)dt
Jo Jb,

= I f \Vj(z)\2\j(z)f-2(l-\z\2)"dtdX(z)
Jb J\z\

< I |V/(z)|2|/(z)r2(l - |z|2)"+1 dX(z) < oo,
Jb

and thus

(8) hm/' / |V/(z)|2|/(z)r2(l-|z|2r(/A(z)(// = 0.
r-l./r   JB,

Furthermore

(l-r2)"+1 / |V/(z)|2|/(z)r2(/A(z)
JBr

(9) < 2(1 - r) / |V/(z)|2|/(z)r2(l - |z|2)" dX(z)
Jb,

<2 f f \Vj(z)\2\j(z)r2(l-\z\2)"dX(z)dt.
Jr  Jb,

By (8) and (9), we conclude

lim(l-r2)"+1 / |V/(z)|2|/(z)r2(/A(z) = 0.
r-' JBr

That is the last part of Theorem 1.

Remark 1. From (7) we can get another proof of Theorem 1 of [8].  In fact,

letting r —► 1 in (7), we get

ll/l&,~ f(l-t2)"-xdtf f*(z)dk(z)
Jo Jb,

= j jJ(z)dX(z) f (l-t2)"-xdt
Jb J\z\

~ f\Vj(z)\2\j(z)r2(l-\z\2)"dX(z).
Jb

Remark 2. Theorem 2 in [8] can be concluded from (3). Taking the limit r —► 1

on two sides of (3), using the monotone convergence theorem, we get

(io)       ii/iik = i/(0)r + ^iv/(z)i2i/(z)r2g(z)(/A(z).

This is equivalent to the result of Theorem 2 of [8].
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4. Characterizations of Bloch space in the unit ball

Lemma 1. Let n > 2 be an integer, then there are constants Cx and C2 such

that, jor all ze7i\{0},

C,(l - \z\2)n\z\-2{-n-V < g(z) < C2(l - \z\2)"\z\-2l~"-x\

where

g(z)_1___ [  r-2"+x(l-r2)"-xdr.
2«   7|Z|

Prooj. It is easy to see that

(11) lim    —-;--r-—;-;-rr,-TT   =   —.-«- ,
v    ' |z|-i (1 -|z|2)"|z|-2("-')       4tt2

and

(12) lim,,     ,  ,fff, 2(    u=j^^.
v    ' |z|-o (1 - \z\2)n\z\-2("-V     4w(n-l)

The result of Lemma 1 comes by the continuity of g(z), (11) and (12).

Prooj oj Theorem 2. Replacing / in (3) by fa = f ° cpa(-) - f° cpa(0), we get

^ jB \Vfa(w)\2\fa(w)r2(g(w) - g(r)) dX(w)

= f   \fa(rC)\pda(Q.
Job

Therefore

i\\\f«\\PL> = ~2 [ \fa(z)\pdm(z) = ^r f r2"~x dr j   \fa(rQ\pda(Q
P a     Pl Jb P   Jo JdB

= 2n i r2"~xdr [ \Vfa(w)\2\fa(w)\p-2(g(w) - g(r))dX(w)
Jo Jb,

<2n f   dr ( |Vfa(w)\2\fa(w)\p-2(g(w) - g(r))dX(w)
Jo       Jb,

= (n + l) f dr f{l~Jn2Tx~X dt j \Vfa(w)\2\fa(w)\p-2dX(w)
Jo       Jo       l Jb,

= (n+ l)f{X~2n2-x~X dtJ  dr j \Vfa(w)\2\fa(w)\»-2dX(w)

< (" + 1) /' ^T^ dt f \Vfa(w)\2\fa(w)\p-2dX(w)
Jo     l Jb,

= (n + l) I \Vfa(w)\2\fa(w)r2dX(w) f   {l~_x)ndt
Jb J\w\    l

<2n f \Vfa(w)\2\fa(w)\p-2(l - \w\2)g(w)dX(w)
Jb

< C [ \Vfa(w)\2\fa(w)\p-2(l - \w\2)n+X\w\-2n+2dX(w).
Jb
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The last inequality is given by Lemma 1. Letting cpa(w) = z, we can find

\\fa\\pLPa<C f \Vf(z)\2\f(z)-f(a)r2

-(l-\cpa(z)\2)"+x\cpa(z)\-2"+2dX(z).

Thus we have

supH/X, <C72.
a€B

By Theorem 4.7 in [9],

ll/lk<c||/iu,
where \\f\\x = supz€B |V/(z)|(l - |z|2). By the lemma in [5].

||/||x<csup||/a||z4.
aeB

Therefore

(13) II/II& < C/2.

Because |pa(z)| < 1 for z, a £ B, we know

\<Pa(zT2"+2 < \<pa(z)\-2^"-Ln).

By Lemma 1 and G(z, a) = g(cpa(z)),

(1 - \<pa(z)\2)"+x\cpa(z)\-2^ < C(G(z, a))l+i*.

Hence

72<sup/|V/(z)|2|/(z)-/(a)r2
a€B Jb

(14) -(l-\cpa(z)\2)"+x\cpa(z)\-2^dX(z)

< C sup / |V/(z)|2|/(z) - f(a)\"-2(G(z, a))1+i dX(z)
a€B Jb

= CJ3.

Now let ||/|| ^ < oo . By Theorem 4.7 in [9],

|V/(z)|(l-|z|2)<C,||/|U.

Thus by Lemma 2.2 in [2],

|Vr/(z)|(l-|z|2)i<C2||/|b,

where Vr/ is the complex tangential gradient of /.  Hence by the proof of
Theorem 2.4 in [2],

|V/(z)|2=A|/|2(z)

< 4(1 - |z|2)2|V/(z)|2 + 4(1 - |z|2)|Vr/(z)|2

< C\\f\\%.
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From this and Lemma 1,

Ma) = / |V/(z)|2|/(z) - f(a)\p~2(G(z, a))l+i dX(z)
Jb

<C\\f\\%  [\f°<Pa(w)-f°<Pa(0)\p-2(g(w))X + ±
(15) Jb

■ (I - \w\2)-"~x dm(w)

< C\\f\\2a I \f_iw)\*-*\w\=2£* dmiw).
Jb

When p = 2

J^(a)<C\\f\\]gf\w\z^1dm(w)
Jb

(16) =2nC\\f\\%fr2"-x-^dr
Jo

= 2nC\\f\\2sC A-xdr = n2C\\f\\2,.
Jo

When p > 2, let a = max(«2 + 1, t-_^) ; then it is easy to know that

a_2(n2-l)     „ \   X~a
\w\    »     ^ dm(w)\       = M < oo.

By the Lemma in [5],

(j \fa(w)\(p~2)a dm(w)^j   a < C(T((p - 2)a + l))1^^2.

Thus, by (15), using the Holder inequality

Ma) < C||/|& (jf |/fl(t0)|<>-2)o dm(w)y

(17) ff     .____!-_-,   ,   A1-*• I  / \w\    "     »-' dm(w) I

<CAr(T((p-2)o+l))i ||/||^.

By (16) and (17), for p>2,

(18) 73 = sup73(«) < C(Y(ip - 2)a + l))I/a||/|&.

By (13), (14) and (18), the quantities \\f\\%, J2 and /j are equivalent. The
proof of Theorem 2 is complete.

Remark 3. It is authors' belief that the results of Theorem 2 should hold for all

p's, that is, also for 0 < p < 2. In this case more delicate techniques seem to

be needed.

Proof of Theorem 3. First, let / £ 33 . For each integer k > 0, let a = n2 + 1

in (18), then we get

h+i(a) = I |V/(z)|2|/(z) - f(a)\k(G(z, a))x+1° dX(z)
Jb

<C(r(k(n2 + l) + l))^\\f\\kJ2.
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It is easy to see that (T(k(n2 + 1) + 1))^ < (n2 + l)kk\. Hence

7,+2(a)<C(«2+l)*/d||/||*+2.

Note that, when k = 0, the above inequality is also valid by (16). Taking a

constant x, 0 < t < ^y , then if we set /? = x/\\f\\^ , we get

e" [    \Vf(z)\2(G(z,a))x+i«dX(z)
JE_,,

< [    \Vf(z)\2e^f{z)-f^(G(z,a))x+1ndX(z)
JEa.,

00    ok °°    ok

<_Z^h+i(a)<C^(n2 + ltk\\\f\\kr
k=0     ' k=0

oo

= cii/ii^£(("2 + 1)Ty = *<oo>

fe=0

where K = Ko\\f\\2^ , Kq is an absolute constant. Hence

(19) /    \Vf(z)\2(G(z,a))x+-ndX(z)_Ke-^.
JEa.t

Conversely, let / satisfy (19); then

i»oo p /»oo jy-

/     dt        \Vf(z)\2(G(z,a))x+i»dX(z)<K       e~^dt = ± < oo.
7o JEal JO P

But

f00 dt f    \Vf(z)\2(G(z,a))x+L»dX(z)
JO JEa,,

= jB\Vf(z)\2(G(z,a))x^U dtjdX(z)

= [ |V/(z)|2|/(z) - f(a)\(G(z, a))x+x° dX(z).
Jb

So we get

sup / |V/(z)|2|/(z) - f(a)\(G(z, a))x+1n dX(z) < § < oo.
a€B Jb P

By Theorem 2 with p = 3, we know that / e 33(B). The proof is complete.

5. Characterizations of BMOA in the unit ball

Let / £ HX(B), the Hardy space in the unit ball of C". We say that
/ £ BMOA(<9f?) if its radial limit function /* is a function of bounded mean

oscillations on dB with respect to nonisotropic balls generated by the non-

isotropic metric p(£, n) = |1 - {£, n)\xl2 on dB . See [3] for details.

Let fa = f ° cpa(-) - / o cpa(0). In [4], Ouyang proved that a holomorphic

function / e BMOA(<95) if and only if

(20) sup||/a||^<oo.
aeB
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Furthermore, he proved that if / e BMOA(<92?), then

(21) supH/X, < *r^,+ 1)|l/||j;. < oo
a€B L*7

where

\\f\\„ = sup \\fa\\Hi.
a€B

Now replacing / in (10) with fa , we get

Wfa\\PH> = T  / \Vfa(w)\2\focpa(W) ~ f o cpa(0)\p~2 g(w) dX(w)

(22) \ h

= P- Jb |V/(z)|2|/(z) - f(a)\p~2G(z, a) dX(z).

By (20), (21) and (22), we get the following

Proposition 1. For 0 < p < oo, a holomorphic function f £ BMOA(di?) if and

only if

sup / |V/(z)|2|/(z) - f(a)\p~2G(z, a) dX(z) < oo.
a€B Jb

Moreover, if f £ BMOA(<9B), we have

(23) sup / |V/(z)|2|/(z) -f(a)\"-2G(z, a)dX(z) < KT{P+ 1} ||/||£..
aeBJB ^p

Remark 4. When p = 2, the above result was proved by J. S. Choa and

B. R. Choe (see [1, Theorem A]).
Using (23) and a similar method of the proof of Theorem 3, we can obtain

an exponential decay characterization of BMOA(dTi) as follows.

Theorem 4. A holomorphic function f e BMOA(<9 B) if and only if for every

a £ B and every t > 0,

[    \Vf(z)\2(G(z,a))dX(z)<Ke-^'
JEa.,

where Ea<l = {z £ B : \f(z) - f(a)\ > t), and K, ft > 0 are constants. When

f £ BMOA(<95), K = Tvoll/H2,, p = C/||/||„ , where K0 and C are absolute
constants.
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