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CHARACTERIZATIONS OF BERGMAN SPACES
AND BLOCH SPACE IN THE UNIT BALL OF C*

CAITHENG OUYANG, WEISHENG YANG, AND RUHAN ZHAO

ABSTRACT. In this paper we prove that, in the unit ball B of C”, a holomor-
phic function f is in the Bergman space L5(B), 0 < p < oo, if and only
if
/ VAP @)P2(1 = [z12)"* di(z) < oo,
B

where ¥V and 1 denote the invariant gradient and invariant measure on B,
respectively. Further, we give some characterizations of Bloch functions in the
unit ball B, including an exponential decay characterization of Bloch functions.
We also give the analogous results for BMOA(dB) functions in the unit ball.

1. INTRODUCTION

Let A(B) denote the class of holomorphic functions in the unit ball of C".
For 0 < p < oo, the Bergman spaces L5 (B), the Hardy spaces H?(B) and the
Bloch space Z(B) on the unit ball B are defined respectively as

LEB) = {£: 1 € 4B) 111y = [ 17(P dm(z) < o]
H?(B) = {f: FeAB). 1Ny = sup [ 1001 date) < oo}

O<r<l1
and
BB)={f: £ AB). Iflla = sup0s() <o}
z
where Qr was defined by R. Timoney in [9], dm is the normalized Lebesgue
measure on B, and do is the normalized Lebesgue measure on the boundary
OB of B.

In [8], M. Stoll proved that a holomorphic function f on B is in H?(B),
0 < p < 00, if and only if

/B ¥ AR (P21 - |2P)" diz) < oo,

where V denotes the invariant gradient and A the invariant measure on B.
Furthermore, if f € H?(B), then
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lim(1 = )" [ 9P dAz) =0,
i .

where B, ={ze€ B:|z|<r}.

These results were first given by S. Yamashita in [11] and [12] in the unit disk
of C. In [13], the results for Bergman spaces similar to that of Yamashita’s
were given on the unit disk D.

The main purpose of this paper is to obtain the analogous result for functions
in the Bergman spaces L) on the unit ball B of C". Furthermore, some new
characterizations of Bloch space Z(B), including an exponential decay type
characterization, are given too. The main results of this paper, which are also
similar to that of [13] in case n = 1, are as follows:

Theorem 1. A holomorphic function f isin L5(B), 0 <p < oo, if and only if
| FA@PAP(1 = 122 da(z) < o

Furthermore, if f € LE(B), then
tim(1 =+t [ 9P P2 i) =0

Theorem 2. Let n > 1, p > 2; then the following quantities are equivalent :

Q) 11, .
(i) T2 = sup,ep J5 V£(2)21(2) = fla)P
(1= [9a(2)2)™ 9a(2) 22 dA(2),
(i) s = Supees J3 IV S(2PIF(2) - f(@P Gz, a)]'*+ di(z),

where ¢, denotes the involutive automorphism of B satisfying ¢,(0) = a,
va(a) =0, 9,(p.(2)) =z, and G(z, a) denotes the Green’s function of B .

Theorem 3. Let n > 1; then a holomorphic function f € % (B) if and only if
for every a € B and every t > 0 there are positive constants K and B, such
that

| ARG, )t diz) < Ke
E; .,

where E; ; = {z € B : |f(z) — f(a)] > t}. When f € &, K = Kol fl%.
B =C/|fllz, where Ky and C are constants depending only on n.

In Section 2, we first give some notations. Theorem 1 is proved in Section 3.
Theorems 2 and 3 are proved in Section 4. In Section 5, we give some charac-
terizations of BMOA(8B) which are similar to Theorems 2 and 3.

2. NOTATIONS

For each a € B, let ¢,(z) denote the involutive automorphism of B as
given in [6] by W. Rudin. Let Vf(z) = (8f/0z;,...,0f/0z,) denote the
complex gradient of f and Rf = Z;’zl zj(0f/0z;) the radial derivative of f.
Let

n+1

W = Ty

dm(z);
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then dA is the invariant volume measure corresponding to the Bergmen metric
on B; thatis,

| f@anz) = [ rov@ i)
for each f € L!(dA) and all y € .# , the group of Mébius transformations of

B.
For f € C?(Q), Q an open subset of B, define

Af(z) = A(f o 9.)(0),

as in [1],

n 2
8@ = 11 3 0= 22 g0

The operator A is invariant under .# ; that is, A(f o w) = (Af) oy for all
v € # . See [6, Section 4.1] for details. Let V denote the invariant gradient
on B. Then

n

S = _ 4 2 of 0g
(Vf(Z),Vg(Z))— +1(1_|Z| )‘% |:IJZI(§U lej)az 62 :I .
If f is holomorphic on B, it is given in [8] that

RSP =911 = (1 =122V - RSP,

Throughout this paper, C and C; are constants depending only on the di-
mension n. M is a finite number, and M(r) is a finite number for a fixed
r€ (0, 1]. C is not necessarily the same in each appearance, nor are C;, M,
M(r).

For convenience, A(f,r) ~ B(f, r) means that there exist constants N,
N,, Cy and C;, so that

N+ CASf, ) <B(f,r) SN+ GA(f, 1),

where N;, N, may depend on f, but they are finite quantities for a fixed
function f.

By [10], the invariant Green’s function on B isgiven by G(z, a) = g(¢.(z)),
where

n+1 /l 2yn—1,—2n+1
g(z) = —t ="t dt.
( ) 2n |z|( )

Here we state the Green’s formula for an invariant Laplacian (see [7, (92 5D.
If Q is an open subset of B, Q C B, whose boundary is good enough (in our
application, Q will be an annulus) and if u, v are real-valued functions such
that u, v € C3(Q) N C(Q), then

~ TN g v ou\
/Q(uAv—vAu)dr—/aQ(uan Vs )d

where 7 and & are the volume element on B and surface area element on
0Q determined by the Bergman metric, and % denotes the outward normal
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differentiation along 9Q with respect to the Bergman metric. It is known (cf.

[1]) that the volume element 7 is given by
wyp(n+ H"

where w, denotes the Euclidean surface area of 0B and the surface area ele-
ment &, on OB, is given by

di(z) = dm(z),

wp(n + 1)1~ 1p2n=]

do,(ré) = (1—r2)n

do(C).

3. PROOF OF THEOREM 1
To prove Theorem 1, for ¢ > 0, let
ve(2) = (If(2)]* + &)?/?, 0<p<oo;

then v, € C*®. Since Ag = 0 on B\{0} and g = g(r) on 0B, ={z € B:
|z| = r}, using Green’s formula with u =g —g(r), v=v, and Q={z € B:
d < |z| < r}, we can conclude

/ (g - g(r)Av, dr
<|z|<r

= - v de, — da v—_—da
/BB “on o os, O aa L)

Because 7”_& is bounded on 9B, g(6)6>""' -0 (6 — 0) and g is integrable

near 0 (0 # 0), taking the limit 6 — 0, we get
(1) [ (¢~ gtDAudi= [ vi(rE)do() - vi(0)

r oB
Let

2 ~
R =S 1r@P V)P,
by [8], for 0 < p < co; when ¢ — 0,
Avg(z) — f¥(z) ae. onB.

For a fixed r, from (1) and by the monotone convergence theorem, we have

iny [ (¢ - g)avedi = tim ([ vu(r8)do(e) - )

¢=0Jp B

2)
= [ 1ee do@) - 170,

By (2) and the Fatou Lemma
[ (&~ g da= [ tim(s — g(r)ave 2

<lim [ (g - g(r)Av, dA

e—0YB

- /a QP dote) = SO)F = M() < oo;
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thus, (g — g(r)) j;‘ is integrable on B, with respect to dA.
As 0 < p <2, for afixed r, by [8], Ave(z) < I%f;f(z), a.e. on B, and thus

(g - g(NAv, < (g —g(r)=f!, ae. onB.

TN

As p>2,for ¢ €(0, 1]
ZvegM(r)<oo, on B,,

and thus
(g — g(r)Av, < M(r)(g — g(r))

(here g — g(r) is obviously integrable on B, ).
Using the dominated convergence theorem with both 0 < p <2 and p > 2
and from (2), we get

[ (s~ g0z ai=1tim [ (5 - s(r)Bu.az

3)
- / |f(rOP da (&) - | £(0)P.
OB
Let
(1, >z,
X2 (8) = { 0,  otherwise;

then the left side of (3) is

| (&)= ez iz

17 (=)t
= /Ber'(Z)di(Z) (”2’; /m( . dt)

1 (] = 2yn—1
= %/B,f;’(z)dl(z)/o %xul(t)dt

_n+1 [T(1=)r!
- 2n 0 t2n—1

t A f;,#(z)dl(z)

Obviously, the end of (4)

n+1 (l—t2 dt/ﬁ ) da(z)

r
2n+1r‘2"+‘/(l nldt f#
2 0

n

(5)

On the other hand, for 0 < r < 1, there exists a positive integer k, so that
1/2k < r < 1/2k=1; then
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ot [ U ([ fean) a
s (/OL +/¢) oo ( BIfl‘(z)di(z)) dt
<mHl [PUSEE()] i) d
© ey (2_(k_l)>2n_l /Or(l -2t (/B‘f;‘(Z)dA(z)) d

r

- "2’;1 /: (1 ;ﬁ)f—l (/Blf;‘(z)dl(z)) dt

+1 —1,—2n ’ n—
+”722" 1p=2 +'/0 (1-12) '( Blﬁ(z)dl(z)) dt
=1 + 1.
By (4) and (3),

I = /B (8(2) — g(3) £1(2) dA(z)
3

= [ \rapdoe) - 170F < .
Thus, it follows from (4), (5) and (6) that
—2n+ ’ _ $2\n—
/ (8(2) = 80N () di(2) ~ 1720 [a-erm ( / If;‘(Z)dl(Z)> dr.
Moreover, by (3), we have
a1 [Ty 2yn-t
M [ ifeapdo)~ e [ ( / If,}‘(Z)dl(Z)) dr.

Hence

gy =2n [ Pr=tar [ e dote)
1 r
2\n—1
~/0 dr(/o(l—t) dt/B,f;,"(z)dl(z)>
1
=/1(1 — )"l de f;,“(z)dl(z)/ dr
0 B, t
1
~/ (1—t2)"dt/ fH(z)dA(z)
0 B,
1
=/f;‘(z)d,1(z) (1— )" dr
B |z|
~ /B (1— |22y f#(2) dA(2)
~ /B 9 @RI (2P - |2 diz),
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and thus
f € LE(B) @/ IVF(2)PIf(2)P~2(1 = |2)"*! dA(z) < oo.
B

* That is the main part of Theorem 1.
When f € L5(B), by the above result,

1 ~
/0 /B S AP0 - |22 dA(z) dt
] ~
= [ [ Rr@rs@P-20 - 12y dedata)
B J|z|
< / (@RI (2)P2(1 = |22+ dA(z) < oo,
B

and thus
l ~
(8) im | /B VAP (1 - |21 dA(z)dt = 0.
Furthermore
(1= 2y / ¥ /()P (2)P~2 di(2)
B,
©) <2(1-7) /B ¥ @RI - |2 dA(z)

1
o 2 P—=2(1 _ |»|2\n
<2 / /B OSSP - 2R digz)
By (8) and (9), we conclude
lim(1 — r2)*! / ¥ () PIf(2)P~2 da(z) = O.
r—1 B,

That is the last part of Theorem 1.

Remark 1. From (7) we can get another proof of Theorem 1 of [8]. In fact,
letting r — 1 in (7), we get

1
£ 12 ~ /0 (1- 21 ds /B £(z)dA(z)
1
— _ ¢2\n—1
_/Bf;‘(z)dA(z)/m(l 2y-1 4y
~ /B ¥ A()PIA(2)P2(1 - |22 dAz).

Remark 2. Theorem 2 in [8] can be concluded from (3). Taking the limit r — 1
on two sides of (3), using the monotone convergence theorem, we get

2 ~
(10) 11 = 1AOP + 5 [ 192 P28(2) dA).

This is equivalent to the result of Theorem 2 of [8].
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4. CHARACTERIZATIONS OF BLOCH SPACE IN THE UNIT BALL

Lemma 1. Let n > 2 be an integer, then there are constants C; and C, such
that, for all z € B\{0},

Ci(1 = 2P0 < g(2) < Co(1 = |27z 720D,

where

n+l b o 2\n—1
g(z)= / rem N =" dr
2n |z)

Proof. 1t is easy to see that

: 8(2) _n+l
(an A = T2z 2o~ an
and
: 8(2) __n+l
(12) 2 (T 2Pz 20~ dnn = 1)

The result of Lemma 1 comes by the continuity of g(z), (11) and (12).
Proof of Theorem 2. Replacing f in (3) by f; = fopu(+) — f o 9.(0), we get

2
b | Ra@Plfw)P-(gw) - gn) diw)
B,
= [ 1t do(@).
oB

Therefore
Sl = = [ \aap amez) = 35 [ ey [ 1o do()
=2 | gy | 19 At Psw)r=2(gw) ~ () diw)
<2 / ar A ﬁfa<w)|2|ﬁz<w>|"-2<g<w> - &(r) dA(w)
(n+1 / dr/ dt/ 19 folw) Pl fa(w)P~2 dA(w)
e [ %(u [ ar [ Sh@iriswir i)
<o+ | JULALPY / 19U diw)

_ 1 _ {2\n
=(n+ 1)/B!Vﬂz(w)|2|fa(w)|p_2 di(w)/lwl (lt2nfl) dt

<2n /B I fu(w) Lo (w) P21 — [w]?) g (w) dA(w)

< C/Bleﬁz(w)lzlﬁz(w)lp_z(l ~ Jw )" Hw| 2 dA(w).
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The last inequality is given by Lemma 1. Letting ¢,(w) = z, we can find

1512, < C / B 12 (2) - f(@)P2
a B
(1 = [9a(2)2)"* |9a(2) "2+ dA(2).

Thus we have '
sup || fall7, < Ca.
a€EB a

By Theorem 4.7 in [9],
Ifle < Cliflix,
where || f]lx = sup,ep |V f(2)|(1 - |z|?). By the lemma in [5].

I fllx < csup|| fall 2.
a€eB
Therefore

(13) 115 < C.
Because |p,(z)| <1 for z, a € B, we know
19a(2)| 7242 < |pa(2)| 7200
By Lemma 1 and G(z, a) = g(¢.(2)),
(1= 19a(2)1?)"|ga(2)| 72"~ %) < C(G(z, a))'*7.

Hence
Jy < sup / I f(2)PIf(2) - fla)P~?
a€eEB JB
(14) (1= 19a(2))" pa(2) 73 dA(2)
< Csup / IVf(2)21f(2) = f(@)P~X(G(z, a))"*7 dA(z)
a€EB JB
=CJs.

Now let || f]l@¢ < oo. By Theorem 4.7 in [9],

IVf(2)|(1 = |z*) < Cillfll-
Thus by Lemma 2.2 in [2],

IVrf(2)|(1 -1z < Gllfla »
where V7 f is the complex tangential gradient of f. Hence by the proof of
Theorem 2.4 in [2],
IV£(2)12 = Alf(2)
<41 = zPPVS(2)P +4(1 - [2]P)|Vrf(2)
< Clf1%-
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From this and Lemma 1,

nia) = [ 1971 - A@P Gz a)'* datz)
< ClfI /B 1 0 9a(w) = f 0 pa(O)P~2(g(w))+H

(15)
(1= W)~ dm(w)
< Cls [ 1atw)P =2l = dmw).
When p =2
Ia) < CIG [ )™ dmw)
(16) =2nC|f% /0 -y,

1
= 2nCIIf1% /0 A1 dr = n2C|l 1%

When p > 2, let a = max(n®+1, ﬁ) ; then it is easy to know that

o -1
(/ Jw| = 'ﬁ‘ldm(w)> =M < oo.
B

By the Lemma in [5],

1/a
(/B | fa(w)| P~ dm(lU)) < C(T((p - o+ 1)V f11%2
Thus, by (15), using the Holder inequality

Ia@) < ClIf1S ( / m(wnw-”‘*dm(w)f

1—1

(7 .</B|w|'—"@ﬁ—udm(w)) i

< CM(T((p — 2o+ )= [ f1%
By (16) and (17), for p > 2,
(18) Jy = sup Jy(a) < C(T((p ~ 2)ar + Y1 A 115
a
By (13), (14) and (18), the quantities ||f]||?,, J, and J; are equivalent. The
proof of Theorem 2 is complete.

Remark 3. It is authors’ belief that the results of Theorem 2 should hold for all
p’s, that is, also for 0 < p < 2. In this case more delicate techniques seem to
be needed.

Proof of Theorem 3. First, let f € & . For each integer k >0, let a = n? + 1
in (18), then we get

Lea(a) = /B G121 (2) - f@)(Glz, a)'*F di(z)

< C(T(k(n? + 1) + 1) 77 [|f1152.
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It is easy to see that (I(k(n? + 1) + 1))751 < (n? + 1)*k!. Hence
Iiia(@) < C(n* + DRI f11G7.

Note that, when k& = 0, the above inequality is also valid by (16). Taking a
constant 7, 0 <7< ﬁ , then if we set B = 7/| f|l# , we get

ef! / ©£(2)A(G(z, a))'** da(2)

a,

< / [91(2) PPV NGz, )+ dA(2)

— ﬁk — B_ 1 kk| k+2
< T L@ <CY 7 2+ DFRNAIG
k= k=0
= C|f1% > (" + D)k =K < oo,
k=0

where K = Ky||f ||f@ , Ko is an absolute constant. Hence
(19) [ r@RGE. @) i) < KeH
E; .
Conversely, let f satisfy (19); then

* AV 2 1+1 * -Bt s — E
/0 dt/Ealef(z)l (G(z, a)) dA(z)sK/O et =7 <o,

But o
/ di / 9(2)P(G(z, a))+ dA(z)
0 E; .
_ L[ [@-f@l
O REEN | dt | di(z)
B 0
= /B V(DRI (2) - f@)|(G(z, )"+ dA(2).
So we get
\V/ 2 1+4 K
sup [ [V£(2)P1(2) - £(@)(G(z, @) da(z) < G < oc.
a€EB JB ﬂ

By Theorem 2 with p = 3, we know that f € % (B). The proof is complete.

5. CHARACTERIZATIONS OF BMOA IN THE UNIT BALL

Let f € H!(B), the Hardy space in the unit ball of C”. We say that
f € BMOA(9B) if its radial limit function f* is a function of bounded mean
oscillations on 9B with respect to nonisotropic balls generated by the non-
isotropic metric p(¢, ) =|1 = (¢, n)|'/? on AB. See [3] for details.

Let f, = fo@a() — fopa(0). In [4], Ouyang proved that a holomorphic
function f € BMOA(AB) if and only if

(20) sup || fall%, < oo.
aEeB
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Furthermore, he proved that if f € BMOA(dB), then

(1) sup|l ol < KR Dy i, <

where

/1l = sup || fall -
acB
Now replacing f in (10) with f;, we get

2 ~
ally = B [ 9 Aa(w)P1S o galw) - £ 0 pal0)~2g(w) di(w)
(22 ’

2 ~
- / VS(2PIf(2) - f@P26(z, a)dA(z).
B

By (20), (21) and (22), we get the following

Proposition 1. For 0 < p < oo, a holomorphic function f € BMOA(OB) if and
only if

sup [ [9/(2)P1f(2) - f(@)P G(z. a) dA(2) < o0
a€EB JB
Moreover, if f € BMOA(dB), we have

(23)  sup / IV(2)PIf(2) - F(@)FP2G(z, a)dA(z) < KF<P+>
a€B JB

—er— I

Remark 4. When p = 2, the above result was proved by J. S. Choa and
B. R. Choe (see [1, Theorem A]).

Using (23) and a similar method of the proof of Theorem 3, we can obtain
an exponential decay characterization of BMOA(8B) as follows.

Theorem 4. A holomorphic function f € BMOA(OB) if and only if for every
a € B and every t >0,

[ Rr@RGE, @)diz) < ke

where E, = {z € B:|f(z)— f(a)| > t}, and K, B > O are constants. When
f€BMOA(OB), K = Ky||flI2., B =C/||fll«x, where Ko and C are absolute
constants.
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